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Families of Artinian and one-dimensional algebras
Jan O. Kleppe
∗
Abstrat
The purpose of this paper is to study families of Artinian or one dimensional quotients of
a polynomial ring R with a speial look to level algebras. Let GradAlgH(R) be the sheme
parametrizing graded quotients of R with Hilbert funtion H . Let B → A be any graded sur-
jetion of quotients of R with Hilbert funtion HB and HA, and h-vetors hB = (1, h1, ..., hj , ...)
and hA, respetively. If depthA = dimA ≤ 1 and A is a trunation of B in the sense
that hA = (1, h1, ..., hj−1, α, 0, 0, ...) for some α ≤ hj, then we show there is a lose relation-
ship between GradAlgHA(R) and GradAlgHB (R) onerning e.g. smoothness and dimension
at the points (A) and (B) respetively, provided B is a omplete intersetion or provided the
Castelnuovo-Mumford regularity of A is at least 3 (sometimes 2) larger than the regularity of B.
In the omplete intersetion ase we generalize this relationship to non-trunated Artinian al-
gebras A whih are ompressed or lose to being ompressed. For more general Artinian algebras
we desribe the dual of the tangent and obstrution spae of deformations in a manageable form
whih we make rather expliit for level algebras of Cohen-Maaulay type 2. This desription
and a linkage theorem for families allow us to prove a onjeture of Iarrobino on the existene of
at least two irreduible omponents of GradAlgH(R), H = (1, 3, 6, 10, 14, 10, 6, 2), whose general
elements are Artinian level algebras of type 2.
AMS Subjet Classiation. 14C05, 13D10, 13D03, 13D07, 13C40, 13D02.
Keywords. Parametrization, Artinian algebra, level algebra, Gorenstein algebra, lii, Hilbert
sheme, duality, algebra (o)homology, anonial module, normal module.
1 Introdution
The main goal of this paper is to ontribute to the lassiation of Artinian and one dimensional
graded quotients of a polynomial ring R in n variables (of degree one) over an algebraially losed
eld k. In partiular we study the sheme GradAlgH(R) = GradAlg(H) whih parametrizes graded
quotients A of R of depthA ≥ min(1,dimA) and with Hilbert funtion H. GradAlgH(R) is the
representing objet of a orrespondingly dened funtor of at families and it may be non-redued.
Thus GradAlgH(R) may be dierent from the parameter spaes studied by Iarrobino, Gotzmann
and others whih study the same sheme with the redued sheme struture. In our approah we
try to benet of having a well desribed tangent and obstrution spae of GradAlgH(R) at (A) at
our disposal.
An important tehnique in determining GradAlg(HA) is to take a graded surjetion B → A of
quotients of R with Hilbert funtions HB and HA respetively, and, under ertain onditions, make
the relationship between GradAlg(HA) and GradAlg(HB) as tight as possible. We review some
results of this tehnique in Setion 1. If B = R/IB , let NB := HomR(IB , B) and let reg(B) =
reg(IB)− 1 be the Castelnuovo-Mumford regularity of B. Let
...→ ⊕r2i=1R(−n2,i)→ ⊕
r1
i=1R(−n1,i)→ R→ B → 0
be the minimal resolution and let ǫ(A/B) =
∑r1
i=1[HB(n1,i)−HA(n1,i)]. Our main results in Setion
2 apply to GradAlg(HA) where A is one-dimensional. We prove
∗
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Theorem 1. Let R be a polynomial k-algebra and let B = R/IB → A = R/IA be a graded morphism
suh that A is Cohen-Maaulay of dimension one and depth
m
B ≥ 1 and suppose X := Proj(A) →֒
Y := Proj(B) is a loal omplete intersetion of odimension r ≥ 0. Let HA(v) = s for v >> 0 and
suppose either
(a) IB is generated by a regular sequene (allowing R = B), or
(b) Bv → Av is an isomorphism for all v ≤ maxi{n2,i} and dimR− dimB ≥ 2.
Moreover suppose there is an integer j suh that Bv ≃ Av for all v ≤ j − 1 and suh that IA is
(j + 1)-regular (i.e. reg(A) ≤ j). Then dim(NA)0 = dim(NB)0 + rs− ǫ(A/B) , and
dim(A)GradAlg
HA(R) = dim(B)GradAlg
HB (R) + rs− ǫ(A/B) .
In partiular A is unobstruted as a graded R-algebra (i.e. GradAlgHA(R) is smooth at (A)) if and
only if B is unobstruted as a graded R-algebra.
One may look upon the onditions on j above as assuming the minimal free resolution of IA/B :=
IA/IB to be semi-linear (lose to being linear, f. (5)), and the ondition of (b) and (a) as requiring
this j to be large enough in the ase Y is not a omplete intersetion (CI).
Theorem 1 is what we need to treat the ase where X onsists of s points in generi position
on Y (so HA is the trunation of HB at the level s). Indeed Geramita et al. ([12℄) denes suh a
trunated Hilbert funtion by
HA(i) = inf{HB(i), s} ,
and they show that there exists a redued sheme X on Y with trunated Hilbert funtion HA
provided Y is redued and onsists of more that s points. We prove
Corollary 2. Let Y = Proj(B), B = R/IB, be a redued sheme onsisting of more than s points,
and let X = Proj(A) be s points (avoid SingY ) of odimension r in generi position on Y . Let j
be the smallest number suh that HA(j) 6= HB(j). If Y is not a CI, suppose j ≥ reg(IB) + 2. Then
dim(NA)0 = dim(NB)0 + rs− ǫ(A/B) , and
dim(A)GradAlg
HA(R) = dim(B)GradAlg
HB (R) + rs− ǫ(A/B) .
Hene A is unobstruted as a graded R-algebra i B is unobstruted as a graded R-algebra.
Moreover in Corollary 2 (and Theorem 1) we may allow the odimension r to vary along the s
points, say suh that the i-th point has odimension ci in Y (Y need not be equidimensional). Then
Corollary 2 holds if we replae rs by
∑s
i=1 ci.
The analogue of Theorem 1 for Artinian algebras is the main result of Setion 3.
Theorem 3. Let R be a polynomial k-algebra and let B = R/IB → A = R/IA be a graded morphism
suh that A is Artinian and depth
m
B ≥ min(1,dimB), and suppose either
(a) IB is generated by a regular sequene (allowing R = B), or
(b) Bv → Av is an isomorphism for all v ≤ maxi{n2,i} and dimR− dimB ≥ 2.
Let F be a free B-module suh that F → IA/B is surjetive and minimal, and suppose there is
an integer j suh that the degrees of minimal generators of the B-module ker(F → IA/B) > j
(e.g. Bv ≃ Av for all v ≤ j − 1) and suh that IA is (j + 1)-regular (i.e. Aj+1 = 0). Then
dim(NA)0 = dim(NB)0 + dim 0HomB(F,A)− ǫ(A/B) , and
dim(A)GradAlg
HA(R) = dim(B)GradAlg
HB (R) + dim 0HomB(F,A) − ǫ(A/B) .
In partiular A is unobstruted as a graded R-algebra if and only if B is unobstruted as a graded
R-algebra.
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In Proposition 42 we show an improvement of Theorem 3(a) in the ase Bv ≃ Av for all
v ≤ j − 1. In this ase we an skip the ondition Aj+1 = 0, or equivalently (KA)−j−1 = 0 (KA
anonial module) provided the minimal resolution of KA had no relations in degree greater or equal
to j. This generalization applies to algebras whih are ompressed or lose to being ompressed. In
the ompressed ase the dimension and the smoothness of GradAlg(HA) oinide with the results
of [23℄.
Theorem 3 applies niely to Artinian trunations and more generally to Artinian quotients A
with h-vetor HA = (1, h1, h2, ..., hj−1, α, 0, 0, ..) where HB = (1, h1, h2, ..., hj−1, hj , hj+1, ...) and
α ≤ hj . In that ase the relationship between GradAlg(HA) and the open subset GradAlg(HB)n
of GradAlg(HB) onsisting of points (B) where reg(IB) ≤ n, may be desribed by an inidene
orrespondene
GradAlg(HB ,HA)n
q
−→ GradAlg(HB)n ⊂ GradAlg(HB)
↓p
GradAlg(HA)
(1)
where p and q are the natural projetions (f. (8) for details).
Proposition 4. Let HB = (1, h1, h2, ...) be the Hilbert funtion of an algebra B satisfying depthmB ≥
1, and let j, n ≤ j − 2 and α ≤ hj be integers. Let HA = (1, h1, ..., hj−1, α, 0, 0, ..) and look to the
maps p and q in (15). Then
(i) q is smooth and surjetive with onneted bers, of ber dimension α(hj − α), and
(ii) p is an isomorphism onto an open subsheme of GradAlg(HA).
In partiular the inidene orrespondene (15) determines a well-dened injetive appliation π
from the set of irreduible omponents W of GradAlg(HB)n, to the set of irreduible omponents V
of GradAlg(HA) whose general elements satify the Weak Lefshetz property. In this appliation the
generially smooth omponents orrespond. Indeed V = π(W ) is the losure of p(q−1(W )), and we
have
dimV = dimW + α(hj − α) .
Also Theorem 1 allows a orollary very similar to Proposition 4 in the one dimensional ase (f.
Proposition 19).
In Setion 4 we haraterize the tangent and obstrution spae of GradAlgH(R) at an Artinian
algebra (A). Note that if A is Gorenstein with sole degree j, then the obstrution spae is the
dual of the kernel of the natural map (S2IA)j → (IA
2)j , or equivalently, the okernel of (Λ
2IA)j →
(IA ⊗ IA)j ≃ Tor
R
1 (IA,KA)0. This result generalizes to the following result, in whih H2(R,A,KA)
is the algebra homology, f. (2).
Theorem 5. Let R → A = R/IA be a graded Artinian quotient with Hilbert funtion H. Then
dim(IA ⊗R KA)0 is the dimension of the tangent spae of GradAlg
H(R) at (A), and the dual
of 0H2(R,A,KA) ontains the obstrutions of deforming A as a graded R-algebra. In partiular
GradAlgH(R) is smooth at (A) provided the natural antisymmetrization map
IA ⊗R IA ⊗R KA → Tor
R
1 (IA,KA)
(f. (17)) is surjetive in degree zero.
Sine we in Theorem 44 show that the parameter spae (H) of level algebras, introdued in [8℄
through the ideas of [25℄, essentially is an open subsheme of GradAlgH(R), we get that Theorem 5
holds if we everywhere replae GradAlgH(R) by (H) at a level algebra (A). Note that the tangent
spae of (H) is already well desribed in [8℄.
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Finally we look to type 2 level algebras A = R/ann(F1, F2) where F1 and F2 are forms of the same
degree s in the dual polynomial algebra of R. Suh algebras are studied in [24℄, and an extended
draft of [24℄ determines the tangent spae of GradAlgH(R) at (A). If HA(i) = min{dimRi,HA1(i)+
HA2(i)} for any i, then {F1, F2} is said to be omplementary [24℄. Using Theorem 5 we desribe the
tangent and obstrution spae of GradAlgH(R) at (A) in the following way.
Proposition 6. Let {F1, F2} be omplementary forms of degree s, and let A = R/IA be the Artinian
level quotient with Hilbert funtion H given by IA = ann(F1, F2). Let IAi = ann(Fi). Then (IA/IA ·
IA1)s ⊕ (IA/IA · IA1)s is the dual of the tangent spae of GradAlg
H(R) at (A), and sH2(R,A,A1)⊕
sH2(R,A,A2) is the dual of a spae ontaining the obstrutions of deforming A as a graded R-algebra.
In partiular if the sequenes
IA ⊗R IA
λ
−→ IA ⊗ IAi → IA · IAi
where λ(x⊗ y) = x⊗ y− y⊗x, are exat for i = 1 and 2, then GradAlg(HA) is unobstruted at (A)
and we have dim(A)GradAlg
HA(R) =
∑2
i=1 dim(IA/IA · IAi)s .
Then we use Proposition 6 and a linkage theorem (Theorem 24) to prove a onjeture of A.
Iarrobino, appearing in the draft of [24℄, namely that (H) withH = (1, 3, 6, 10, 14, 10, 6, 2) ontains at
least two irreduible omponents whose general elements are level quotients of type 2 (Example 49).
One having one example of suh a phenomena, we produe innitely many by liaison (Remark 50).
Even though this onjeture was open until now, Iarrobino and Boij have in a joint work already
onstruted other examples of reduible (H) whose general elements are type 2 level quotients, one
with H = (1, 3, 6, 10, 14, 18, 20, 20, 12, 6, 2), and seems to have got a doubly innite series of suh
omponents.
In this paper we give many examples to illustrate our results, some of them with the use of
Maaulay 2. Among examples of partiular interest, in addition to the proven onjeture, we mention
Example 21 of two irreduible omponents of GradAlg(H) (and of PGor(H)) whose intersetion
ontains Artinian Gorenstein algebras, and Example 41 of two omponents of GradAlg(H) with
H = (1, 3, 6, 6, 3, 1) whose general elements are Artinian lii algebras.
I thank Anthony Iarrobino for interesting disussion on the subjet and for introduing me to
type 2 level algebras and his onjeture by giving me the extended draft of [24℄. I also thank him
and the Northeastern University for their hospitality during my visit to Boston in February 2005.
1.1 Preliminaries
Let R be a polynomial k-algebra in n variables of degree 1 where k is algebraially losed. In the
following we fous on the sheme parametrizing Artinian graded quotients B of R, as well as losed
shemes in P = Pn−1, with xed Hilbert funtion H. Both shemes are denoted by GradAlgH(R).
If H(v) := dimBv does not vanish for v >> 0, we all it the postulation Hilbert sheme beause
this name seems to be most ommon, at least when it is endowed with its redued sheme struture
and dimB = 1 (f. [14℄, [25℄). Sine GradAlgH(R) is the representing objet of a ertain funtor
of at deformations, it may be non-redued. We ontinue denoting it by GradAlgH(R), to make it
lear that it may be non-redued.
Now we reall the denition ofGradAlgH(R). Let Hilbp(P) be the Hilbert sheme ([16℄) parametriz-
ing losed subshemes Y of P = ProjR with Hilbert polynomial p ∈ Q[t]. The k-point of Hilbp(P)
whih orresponds to the Y is denoted by (Y ). A losed subsheme Y of P is alled unobstruted if
Hilbp(P) is smooth at (Y ).
Let GradAlg(H) := GradAlgH(R) be the stratum of Hilbp(P) given by deforming Y ⊂ P with
onstant Hilbert funtion HY = H (i.e. its funtor deforms the homogeneous oordinate ring, B =
4
R/IB , of Y atly), f. [29℄ or [31℄. GradAlg
H(R) allows a natural sheme struture whose tangent
(resp. obstrution) spae at (Y ) is 0HomB(IB/I
2
B , B) ≃ 0HomR(IB , B) (resp. 0H
2(R,B,B)),
i.e. it is given by deforming B as a graded R-algebra ([27℄, Thm. 1.5). In the ase H(v) does
not vanish for large v (i.e. B is non-Artinian), we may look upon GradAlgH(R) as parametrizing
graded R-quotients, R → B, satisfying depth
m
B ≥ 1 and with Hilbert funtion HB = H. If B
is Artinian, GradAlgH(R) still represents a funtor parametrizing graded R-quotients with Hilbert
funtion HB = H (see [31℄, Prop. 9 and Thm. 11). B is alled unobstruted as a graded R-algebra
if and only if (i) GradAlg(HB) is smooth at (B), i.e. at (Y ).
Remark 7. (a) It follows from a theorem of Pardue (Thm. 34 of [46℄, f. [14℄ for the odimension
2 ase) that GradAlg(H) is a onneted sheme (see also [39℄).
(b) One may use the representability of the funtor whih denes GradAlg(H) (through at
deformations) and the semiontinuity of the graded Betti numbers (i.e. of the number of minimal
generators of a nitely generated module over R) to generalize Ragusa-Zappala's result for zero-
shemes ([48℄), that dierent minima of the set of graded Betti numbers orresponds to dierent
omponents of GradAlg(H), to any H and R. Thus inomparable sets of graded Betti numbers lead
to dierent omponents in general (see [42℄ for a disussion).
The following omparison result is due to Ellingsrud ([11℄) in the ase depth
m
B ≥ 2, see [27℄,
Thm. 3.6 and Rem. 3.7 for the general ase. Below s(IB) is the minimal degree of the minimal
generators of IB . Note that the openness statements follow easily from the rst isomorphism by the
semiontinuity of dimH1(Y, I˜B(v)).
Proposition 8. Let B = R/IB satisfy depthmB ≥ 1 and let Y = Proj(B). Then
GradAlgH(R) ≃ Hilbp(P) at (Y ) ,
provided 0HomR(IB ,H
1
m
(B)) = 0 (e.g. provided depth
m
B ≥ 2). In partiular the open sets
U(H) := {(B) ∈ GradAlgH(R)| vH
1
m
(B) = 0 for every v ≥ s(IB)}
and {(B) ∈ GradAlgH(R)|depth
m
B ≥ 2} of GradAlgH(R) are also open in Hilbp(P).
Here depth
m
M (M nitely generated) denotes the length of a maximal M -sequene in the irrele-
vant maximal ideal m, and Hi
m
(−) is the right derived funtor of the funtor of setions with support
in Spec(B/m). Note that depth
m
M ≥ r i Hi
m
(M) = 0 for i < r, f. [18℄. A Cohen-Maaulay
B-module M satises depthM = dimM by denition. If B is Cohen-Maaulay of odimension c in
R and KB = Ext
c
R(B,R(−n)) is the anonial module of B, we know by Gorenstein duality that
v-graded piee of Hi
m
(M) satises
vH
i
m
(M) ≃ −vExt
n−c−i
B (M,KB)
∨ .
Two graded quotients, R/J and R/J ′, are said to be linked by a omplete intersetion if there
exists a homogeneous omplete intersetion ideal L suh that J = L : J ′ and J ′ = L : J (with
L ⊆ J∩J ′). The relationship of being linked generates the equivalene relation, linkage. B = R/IB
is said to be lii (and hene Cohen-Maaulay) if it is in the linkage lass of a omplete intersetion
(f. [43℄ for a survey).
The algebrai (o)homology groups H2(R,B,M) and H
2(R,B,M) may be desribed as follows.
The former group is given by an exat sequene
0→ H2(R,B,M)→ H1 ⊗B M → G1 ⊗R M → IB/I
2
B ⊗B M → 0. (2)
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in whih G1 is R-free, G1 ։ IB is surjetive and minimal, and H1 = H1(IB) is the degree one Koszul
homology of IB [38℄. For the graded group H
2(R,B,M) we only remark that by [1℄, Prop. 16.1, and
[38℄, there are injetions
0Ext
1
B(IB/I
2
B ,M) →֒ 0H
2(R,B,M) →֒ 0Ext
1
R(IB ,M) (3)
A quotient B = R/IB of odimension c := dimR − dimB in R has a minimal R-free resolution
of the following form (f. [10℄)
...→ Gc → ...→ G1 → R→ B → 0 , Gj = ⊕
rj
i=1R(−nj,i) (4)
and B is Cohen-Maaulay (CM) i Gc+1 = 0. The funtion maxi{nj,i}−j is inreasing as a funtion
in j if B is CM. If B is Artinian (i.e. c = n), then maxi{nc,i} − c is the sole degree of B. More
generally the Castelnuovo-Mumford regularity of IB is given by reg(IB) = max{j,i} {nj,i − j + 1}
and reg(B) = reg(IB)− 1 (f. [43℄, p. 8). In partiular
max
i
{nj,i} ≤ reg(IB) + j − 1 for any j.
If Gc+1 = 0 and Gc has rank 1 (resp. Gc = R(−s)
t
), then B is Gorenstein (resp. level of type
t). In these ases B is a ompressed Artinian R-algebra if HB (i.e. HB(v) for any v) is as large as
possible for a xed sole degree and xed type (f. [23℄ for existene).
An R-module M of projetive dimension t − 1 is said to have a semi-linear (resp. linear)
resolution provided the minimal resolution of M has the following form
0→ R(−j − t)βt ⊕R(−j − t+ 1)αt → ...→ R(−j − 1)β1 ⊕R(−j)α1 →M → 0 (5)
(resp. with αi = 0 for any i). With B as in (4) and B → A ≃ B/IA/B a graded surjetion, we dene
ǫ = ǫ(A/B) =
r1∑
i=1
dim(IA/B)n1,i =
r1∑
i=1
[
HB(n1,i)−HA(n1,i)
]
(6)
where HB and HA are the Hilbert funtions of B and A. If B is a omplete intersetion (CI),
allowing R = B, then IB/I
2
B and the normal module NB = (IB/I
2
B)
∗
are R-free of rank r1 ≥ 0, and
dim(B)GradAlg
HB (R) = dim(NB)0 =
r1∑
i=1
HB(n1,i)
In Lemma 9 and Theorem 12 of the next setion we look upon the speial ase B = R as a CI
with r1 = 0. Throughout we pass to small letters to denote the k-vetor spae dimension of the
(o)homology groups involved, e.g. for any i ≥ 0,
hi(M˜ ) = dimHi(M˜ ), vh
i(R,B,M) = dim vH
i(R,B,M), vext
i
B(M,N) = dim vExt
i
B(M,N).
Lemma 9. Let R → B = R/IB → A ≃ B/IA/B be graded morphisms, let c = dimR − dimB and
suppose either
(a) IB is generated by a regular sequene (allowing R = B), or
(b) c ≥ 2 and Bv → Av is an isomorphism for all v ≤ maxi{n2,i}.
Then 0H
2(R,B, IA/B) = 0 and 0homR(IB , IA/B) = ǫ(A/B). Moreover ǫ(A/B) = 0 if (b) holds.
Proof. IfB is a CI, then it is well known that 0H
2(R,B, IA/B) = 0, and moreover that 0H
1(R,B, IA/B) ≃
0HomR(IB/I
2
B , IA/B) ≃ (⊕iIA/B(n1,i))0 and we get the lemma in this ase. In (b) it sues by (3)
to show 0Ext
i
R(IB , IA/B) = 0 for i ≤ 1. Applying 0HomR(−, IA/B) to the minimal resolution of IB
dedued from (4), we onlude by the assumptions of (b).
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The following Proposition is a part of Prop. 4 of [31℄ and is used quite often in this paper. Below
GradAlg(HB ,HA) is the representing objet of the funtor deforming surjetions B → A of graded
quotients of R of positive depth (for non-Artinian quotients) and with Hilbert funtions HB and HA
of B and A respetively. Then there exist natural projetion morphisms p : GradAlg(HB ,HA) →
GradAlg(HA), indued by p((B → A)) = (A), and q : GradAlg(HB ,HA)→ GradAlg(HB), indued
by q((B → A)) = (B), whih under the assumptions of Prop. 4 of [31℄ have nie properties.
Reall that A is alled HB-generi if there is an open subset U ∋ (A) of GradAlg
HA(R) suh that
every (A′) ∈ U belongs to im p. Now sine the surjetivity of the natural map 0HomB(IB , B) →
0HomR(IB , A) together with the injetivity of 0H
2(R,B,B)→ 0H
2(R,B,A) is equivalent to
0H
2(R,B, IA/B) = 0
by the long exat sequene of algebra ohomology, we may state [31℄, Prop. 4 (i), resp. (ii) as (i),
resp. (ii) of the Proposition below.
Proposition 10. Let B = R/IB → A ≃ B/IA/B be a graded morphism of quotients of R.
(i) If 0H
2(B,A,A) = 0, (e.g. 0Ext
1
B(IA/B , A) = 0), then the projetion q : GradAlg(HB ,HA)→
GradAlg(HB) indued by q((B → A)) = (B) is smooth with ber dimension 0homB(IA/B , A) at
(B → A).
(ii) If 0H
2(R,B, IA/B) = 0, then the projetion p : GradAlg(HB ,HA) → GradAlg(HA) indued
by p((B → A)) = (A) is smooth with ber dimension 0homR(IB , IA/B) at (B → A). In partiular
A is HB-generi.
Corollary 11. Let B → A be a graded surjetion of quotients of R. If 0H
2(B,A,A) = 0 and
0H
2(R,B, IA/B) = 0, then
dim(NA)0 + 0homR(IB , IA/B) = dim(NB)0 + 0homB(IA/B , A) , and
dim(A)GradAlg(HA) + 0homR(IB , IA/B) = dim(B)GradAlg(HB) + 0homB(IA/B , A) .
Hene A is unobstruted as a graded R-algebra i B is unobstruted as a graded R-algebra.
Proof. Using Proposition 10(i) we get dim(B→A)GradAlg(HB,HA) = dim(B)GradAlg(HB)+ 0homB(IA/B , A)
while (ii) implies dim(B→A)GradAlg(HB,HA) = dim(A)GradAlg(HA) +0 homR(IB , IA/B) whih
gives one of the dimension formulas. Sine smooth morphisms imply surjetive tangent maps of
their tangent spaes and sine the Hom-groups of Proposition 10 are the tangent spaes of the
bers, we an argue as above to get the other dimension formula.
2 Families of one dimensional R-quotients.
In this setion we fous on families of zero shemes in P = Pn−1 with xed Hilbert funtion H,
i.e. we study the (possibly non-redued) postulation Hilbert sheme GradAlgH(R) where H(v) is a
onstant for v >> 0.
If Y ⊂ P = ProjR is a losed subsheme and X = Proj(A) is obtained by hoosing s general
points on Y = Proj(B) (in the sense of Geramita et al. [12℄), the main theorem of this setion implies
that A and B are simultaneously unobstruted as graded algebras and dim(A)GradAlg
HA(R) and
dim(B)GradAlg
HB (R) are losely related (Theorem 12, Corollary 14). Even though this result may
seem new as stated, it is a straightforward onsequene of Theorem 9.16 of [35℄ if Y is a urve. In
this setion we generalize the result to any sheme Y . In Proposition 19 we extend the result to
families, and we nish by a theorem on linkage of families.
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A zero-dimensional losed sheme X →֒ Y is said to be a loal omplete intersetion (l..i) of
odimension (r1, ..., rt) with respet to X = X1 ∪ ... ∪ Xt if X an be written as a disjoint union
X = X1 ∪ ... ∪ Xt where, for eah i, the ideal (JX/Y ),x is generated by an OY,x-regular sequene
of length ri for every x ∈ Xi. If ri are equal for all i, say ri = r, we simply say X →֒ Y is an l..i
of odimension r. Note that in the ase ri = 0, then Xi is mapped isomorphially onto an open
subsheme of Y . Below NB := HomB(IB/I
2
B , B) is the normal module of B in R, and ǫ(A/B) is
dened in (6) and n2,j in (4).
Theorem 12. Let R be a polynomial k-algebra and let B = R/IB → A = R/IA be a graded
morphism suh that A is Cohen-Maaulay of dimension one and depth
m
B ≥ 1, and suh that
X := Proj(A) →֒ Y := Proj(B) is a loal omplete intersetion of odimension (r1, ..., rt) with
respet to X = X1∪ ...∪Xt. Let HA(v) = s and HXi(v) = si for v >> 0 (so s =
∑
i si) and suppose
either
(a) IB is generated by a regular sequene (allowing R = B), or
(b) Bv → Av is an isomorphism for all v ≤ maxi{n2,i} and dimR− dimB ≥ 2.
Moreover suppose there is an integer j suh that Bv ≃ Av for all v ≤ j − 1 and suh that IA is
(j + 1)-regular (i.e. reg(A) ≤ j). Then dim(NA)0 = dim(NB)0 +
∑
i risi − ǫ(A/B) , and
dim(A)GradAlg
HA(R) = dim(B)GradAlg
HB (R) +
t∑
i
risi − ǫ(A/B) .
In partiular A is unobstruted as a graded R-algebra if and only if B is unobstruted as a graded
R-algebra.
Remark 13. Theorem 12 applies to quotients B → A ≃ B/IA/B where the mapping one on-
strution produes the minimal resolution of A from the free resolution of B and a semi-linear
resolution of IA/B (modulo redundant terms). For instane if M := IA/B and t = r − 1 in (5) (i.e.
depth IA/B = 2), then Bv ≃ Av for all v ≤ j − 1 and IA is (j + 1)-regular, and Theorem 12 applies.
Also in the ase depth IA/B = 1 in whih the Gr−1 → ... → G1-part of the minimal resolution
0 → Gr → ... → G1 → IA/B → 0 is semi-linear, then Theorem 12 applies beause the ontribution
from Gr beomes redundant in the minimal resolution of A. Thus the ondition on j of Theorem 12
essentially impose on IA/B to have a semi-linear resolution, whih, in the non CI ase, must be large
enough to have (b) fullled (e.g. j ≥ reg(IB) + 2).
Proof. It is enough to prove the two dimension formulas. Due to Corollary 11 it sues to show
0H
2(B,A,A) = 0 and 0homB(IA/B , A) =
∑
i risi, as well as 0H
2(R,B, IA/B) = 0 and 0homR(IB , IA/B) =
ǫ(A/B). The latter follows from Lemma 9. Let NX/Y the normal sheaf of X →֒ Y . Sine dimX = 0
and the omposition x →֒ X →֒ Y is a loal omplete intersetion for any x ∈ X, then the ex-
at sequene in the proof of Thm. 9.16 of [35℄ shows 0H
2(B,A,A) = 0 and 0HomB(IA/B , A) ≃
0H
1(B,A,A) ≃ H0(NX/Y ) provided
0HomR(IA/B ,H
1
m
(A)) = 0 .
Sine H1
m
(A)v ≃ H
2
m
(IA)v ≃ −vExt
n−2
R (IA, R(−n))
∨
, we get that H1
m
(A)v = 0 for v ≥ j by the
(j + 1)-regularity of IA. Using (IA/B)j−1 = 0 we onlude that 0HomR(IA/B ,H
1
m
(A)) = 0.
Hene it sues to show dimH0(NX/Y ) =
∑
i risi. Now sine Supp(X) is nite, we know that
h0(OXi) =
∑
x∈Supp(Xi)
length(OXi,x) = si. Using that NX/Y,x is a free OX,x-module of rank ri for
any x ∈ Supp(Xi), we onlude by
h0(NX/Y ) =
t∑
i
∑
x∈Supp(Xi)
length(NX/Y,x) =
t∑
i
∑
x∈Supp(Xi)
ri · length(OXi,x) =
t∑
i
risi .
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Moreover Theorem 12 is preisely what we need to treat the ase where X onsists of s (distint)
points in generi position on Y (i.e. HA is the trunation of HB at the level s). Indeed Geramita-
Marosia-Roberts ([12℄) denes suh a trunated Hilbert funtion by
HA(i) = inf{HB(i), s} ,
and they show that there exists a redued sheme X on Y with trunated Hilbert funtion HA
provided Y is redued and onsists of more that s points. We get
Corollary 14. Let Y = Proj(B), B = R/IB, be a redued sheme onsisting of more than s points,
and let X = Proj(A) be s points (avoid SingY ) in generi position on Y . Let j be the smallest number
suh that HA(j) 6= HB(j). If Y is not a CI, suppose j ≥ maxi{n2,i}+1 (e.g. j ≥ reg(IB)+2). Then
X →֒ Y is an l..i of odimension (r1, ..., rt) with respet to some deomposition X = X1 ∪ ... ∪Xt.
Moreover dim(NA)0 = dim(NB)0 +
∑
i risi − ǫ(A/B) , and
dim(A)GradAlg
HA(R) = dim(B)GradAlg
HB (R) +
t∑
i
risi − ǫ(A/B) .
Hene A is unobstruted as a graded R-algebra i B is unobstruted as a graded R-algebra.
Proof. Sine OY,x and OX,x are regular loal rings for any x ∈ X, it follows that X →֒ Y is an
l..i of odimension as in Corollary 14. By the denition of s generi points, (IA/B)j−1 = 0. Sine
HA(v) 6= HA(j) for v ≥ j, it follows that IA is (j+1)-regular (and j-regular if s = HA(j−1)). Then
Theorem 12 applies supposing j large enough.
Remark 15. It is well known that the Hilbert polynomial pB(x) equals HB(x) for all x ≥ reg(IB)−1.
Thus the number j ≥ reg(IB) + 2 of Corollary 14 is so large that pB(x) = HB(x) for x ≥ j − 3. In
partiular using Corollary 14 with say j = reg(IB) + 2, we get an algebra A with Hilbert funtion
HA(x) = HB(x) = pB(x) for x ∈ {j − 3, j − 2, j − 1} and HA(x) = s for x ≥ j.
Example 16. (an obstruted one-dimensional level algebra with h-vetor (1, 4, 4, 4, 0, 0, ...)).
The part of the Hilbert sheme H := Hilbdx+1−g(P4) onsisting of rational normal urves of
degree d = 4 is thoroughly studied ([41℄, [45℄). It is generially smooth and its losure forms an
irreduible omponent V of H of dimension 5d + 1 = 21. The normal sheaf of the general urve Yg
satisfy H1(NYg) = 0, while for instane Y = Proj(B); the union of four lines meeting at a point,
belongs to the same omponent V and satises dimH1(NY ) = 3 (f. [35℄, Rem. 9.9), i.e. Y is
an obstruted redued arithmetially CM (ACM) urve. Both urves have the same graded Betti
numbers, e.g.
0→ R(−4)3 → R(−3)8 → R(−2)6 → R→ B → 0 .
Sine the lous of ACM urves in GradAlg(H) is open in H by Proposition 8, then V orresponds
to an irreduible omponent of GradAlg(H) to whih (Yg) and (Y ) belong. Let X = Proj(A) (resp.
Xg = Proj(Ag)) be obtained by hoosing s ≥ 13 generi points on Y (resp. Yg). Sine dimBv = 4v+1
for v ≥ 0, we see that Corollary 14 applies for j ≥ 4. It follows that Ag is unobstruted while A is
obstruted as graded R-algebras and
dim(Ag)GradAlg(HAg) = dim(NAg)0 = h
0(NYg ) + s = 21 + s
(resp. dim(NA)0 = dim(NB)0 + s = 24 + s). If s = 13 it is straightforward to see that Ag and A
are level algebras with the same graded Betti numbers, e.g. its minimal resolution is
0→ R(−7)4 → R(−6)12 ⊕R(−4)3 → R(−5)12 ⊕R(−3)8 → R(−4)4 ⊕R(−2)6 → IA → 0.
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Corollary 14 applies also to families of redued shemes Y whih is not neessarily equidimen-
sional.
Example 17. Let H(x) = 3x + 1 for x ≥ 0, so H = (1, 4, 7, 10, 13, ...). If Y1 = Proj(B1) ⊂ P
3
is a twisted ubi urve and Y2 = Proj(B2) is the union of a plane spae urve C of degree 3
and a point P outside the plane ontaining C, then it is easy to see that both urves belong to
the same stratum GradAlg(H) of the Hilbert sheme Hilb3x+1(P3). We laim they belong to two
dierent omponents of GradAlg(H). Indeed (Y1) belongs to a 12-dimensional irreduible omponent
of GradAlg(H), and using NY2 ≃ NC ⊕ NP and that C →֒ P
3
and P →֒ P3 are CI, we easily get
h0(NY2) = 15 and H
1(NY2) = 0. Invoking Proposition 8 we see that (Y2) belongs to a 15-dimensional
irreduible omponent of GradAlg(H), f. [47℄ for a omplete desription of Hilb3x+1(P3). The
minimal resolution of IB2 (resp. IB1) is of the form
0→ R(−4)→ R(−4)⊕R(−3)3 → R(−3)⊕R(−2)3 → IB2 → 0 (7)
(resp. of the form (7) where both R(−4) and two of R(−3) are removed). Sine Corollary 14 applies
for j ≥ 5, let X1 = Proj(A1) (resp. X2 = Proj(A2)) be obtained by hoosing s ≥ 13 generi
points on Y1 (resp. Y2); on Y2 we must hoose P as one of the s generi points to get the right
Hilbert funtion. It follows that Ai are unobstruted as graded R-algebras for i = 1 and 2 and that
dim(A1)GradAlg(H
′) = 12 + s where H ′ = (1, 4, 7, ..., 3j − 2, s, s, ...), 3j − 2 ≤ s < 3j + 1. Sine
X2 →֒ Y2 is an l..i of odimension (1, 0) with respet to the deomposition X2 = C2 ∪ P where C2
onsists of s− 1 points, we get
dim(A2)GradAlg(H
′) = 15 + s− 1 = 14 + s .
Hene we get two dierent omponents of GradAlg(H ′). Finally if s = 13 it is straightforward to
see that A2 have the minimal resolution
0→ R(−7)3 ⊕R(−4)→ R(−6)6 ⊕R(−4)⊕R(−3)3 → R(−5)3 ⊕R(−3)⊕R(−2)3 → IA2 → 0.
One the onnetion between GradAlg(HA) and GradAlg(HB) for s generi points X on Y is
that nie as desribed in Corollary 14, one may also ask if their irreduible omponents orrespond
exatly and similar questions. E.g., may we look upon Ag of Example 16 as the general element of
an irreduible omponent of GradAlg(HAg)? To see the answer is yes we use some ideas of [31℄.
Denition 18. Inside GradAlg(H) we look to the following open subsets, Smc(H) (resp. SmCM(H)),
onsisting of points (R/I) suh that Proj(R/I) is a smooth geometrially onneted sheme (resp.
smooth and arithmetially CM). Here points should be onsidered as Ω-points where Ω is an
overeld of k. Moreover let Smc(H)n be the open subset of Smc(H) onsisting of points (R/I) where
the Castelnuovo-Mumford regularity satises reg(I) ≤ n. Similarly we let CI(H) (resp. CM(H))
onsist of points (R/I) where I is generated by a regular sequene (resp. R/I is CM).
Now let
SmCM(HB,HA)n := p
−1(SmCM(HA)) ∩ q
−1(Smc(HB)n)
where q : GradAlg(HB ,HA) → GradAlg(HB) and p : GradAlg(HB ,HA) → GradAlg(HA) are the
two natural projetion morphism. (e.g. q((B → A)) = (B)). Denoting the following restritions of
p and q by the same letters, we get a diagram (inidene orrespondene)
SmCM(HB,HA)n
q
−→ Smc(HB)n ⊂ GradAlg(HB)
↓p
GradAlg(HA)
(8)
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Proposition 19. Let HB be the Hilbert funtion of some smooth onneted urve and let HA be its
trunated Hilbert funtion at the level s. Let j = min{i|HA(i) 6= HB(i)}, let n ≤ j − 2 and look to
the maps p and q in (8). Then
(i) q is smooth and surjetive and its bers are geometrially onneted, of ber dimension s,
and
(ii) p is an isomorphism onto an open subsheme of GradAlg(HA).
In partiular the orrespondene (8) determines a well-dened injetive appliation π from the set of
irreduible omponents W of Smc(HB)n, to the set of irreduible omponents V of GradAlg(HA),
in whih generially smooth omponents orrespond. Indeed V = π(W ) is the losure of p(q−1(W )),
and we have
dimV = dimW + s .
Proof. (i) By Geramita et al. [12℄ we get the surjetivity of q. Sine we showed 0H
2(B,A,A) = 0
in Theorem 12, the smoothness of q follows immediately from Proposition 10(i). To show that the
bers of q are (geometrially) onneted, one may simply look to the ber as the variation of s
generi points on a xed Y , i.e. as a non-empty dense set of Y s. This set is irreduible sine Y is
irreduible, and we onlude as laimed.
(ii) In Lemma 9 we showed 0Ext
i
R(IB , IA/B) = 0 for i ≤ 1 assuming j ≥ reg(IB) + 2. By
Proposition 10(ii) this implies that p is smooth and unramied. It is easy to see that j ≥ reg(IB)+1
implies that p is injetive (in fat, universally injetive or radiiel), f. Lemma 7(a) of [31℄. Hene
we get (ii) by [17℄, Thm. 17.9.1. Now ombining (i) and [19℄, Prop. 1.8, we get that q−1(W ) is an
irreduible omponent of SmCM(HB ,HA)n. The appliation π is therefore well dened, and it is
injetive by (ii). Finally sine q is smooth and p is an open immersion, we easily get the dimension
formulas.
Remark 20. If we in Proposition 19 drop the assumption dimProj(B) = 1 and maintain the other
assumptions, we still get that q is smooth and that p is an isomorphism onto an open subsheme (but
the irreduibility of q−1(W ) may fail).
Now we onsider an example of several omponents of GradAlg(HA), whih one may, as in
[42℄, distinguish by the inomparability of the set of graded Betti numbers (Remark 7). Applying,
however, Proposition 19 to our example we an also desribe well the graded Betti numbers of some
algebras in the intersetion of the two omponents.
Example 21. In [49℄ C. Walter gives examples of innitely many Hilbert shemes of spae urves
ontaining obstruted smooth urves of maximal rank. Indeed his example of a smooth spae urve Y
of the lowest degree (i.e. the urve with Hilbert polynomial p(x) = 33x−116 whih we onsider below)
was independently disovered by Bolondi et al [6℄ and it was the rst example of an obstruted urve
of maximal rank whih was deteted. In [6℄ we showed that Hilb33x−116(P3) ontains at least two
irreduible omponents whose intersetion ontains (Y ). Sine the urve Y = Proj(B) is of maximal
rank, we have 0HomR(IB ,H
1
m
(B)) = 0, and Proposition 8 applies. It follows that the orresponding
algebra B is obstruted as a graded algebra and that (B) sits in the intersetion of two irreduible
omponents W1 and W2, both of dimension 4d = 132, of the postulation Hilbert sheme of spae
urves GradAlg(HB), f. [34℄, ex. 35.
In [34℄ we also onsidered the minimal resolution of B as well as the minimal resolution of the
general elements B1 and B2 of W1 and W2 respetively. Indeed
0→ G3 = R(−9)→ R(−10)
2 ⊕R(−9)⊕R(−8)4 → R(−9)⊕R(−8)⊕R(−7)5 → IB → 0
is exat and we get the minimal resolution of B1 (resp. B2) by making the fator R(−9) redundant
in two dierent ways, i.e. by removing this fator from the leftmost (G3) and the middle term (G2),
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making B1 CM, (resp. from G2 and rightmost term G1). The Castelnuovo-Mumford regularity for
all three urves satisfy reg(I) = 9, and the Hilbert funtion of all algebras are
(1, 4, 10, 20, 35, 56, 84, 115, 148, 181, 214, ...) .
Thus taking s ≥ 214 points X = Proj(A) on Y in general position and orrespondingly for the
others, then Proposition 19 applies with j ≥ 11. Or more preisely, both W1 and W2 and its
intersetion essentially belong to Smc(HB)9 ⊂ GradAlg(HB), and Proposition 19 applies to (every
element Proj(B′) of) Smc(HB)9 and an s-dimensional linear spae of hoies of s generi points on
Proj(B′). Hene for eah s ≥ 214 it follows that X is in the intersetion of two irreduible omponent
V1 and V2 of the postulation Hilbert sheme GradAlg(HA) of dimension dimVi = 132+s for i = 1, 2.
In the speial ase s = 214 we have ∆HA = (1, 3, 6, 10, 15, 21, 28, 31, 33, 33, 33, 0, ...), and it is not
diult to see that the minimal resolution of IA is
0→ R(−13)33 ⊕G3 → R(−12)
66 ⊕G2 → R(−11)
33 ⊕G1 → IA → 0.
and that those of the orresponding general element Proj(Ai) of Vi are obtained by removing the free
fator R(−9) from G3 and G2 (resp. from G2 and G1). Looking to the orresponding sets of graded
Betti numbers of A1 and A2 we see they are inomparable.
We nish this setion by realling some known results about the postulation Hilbert sheme
GradAlgH(R), onsisting of zero-dimensional shemes Proj(A) of degree s. Sine we have observed
that 0H
2(R,A,A) = 0 implies the smoothness of GradAlgH(R) at (A), we remark that the smooth-
ness results of Remark 22(i) (when A is generially a CI) and of Remark 22(ii) also follow from
works of Herzog, Buhweitz-Ulrih and Huneke ([20℄, [7℄ and [21℄). Now in addition to Theorem 12
and Proposition 19, we have
Remark 22. (i) If Proj(R) = P2, then Gotzmann ([14℄) shows that GradAlgH(R) is irreduible
and she nds its dimension ([25℄, Thm. 5.21 and Thm. 5.51). It is smooth by liiness and say (iii)
below (or by [14℄ provided GradAlgH(R) is redued). As indiated by Iarrobino-Kanev ([25℄, Remark
to Thm. 5.51), the dimension formula given in [32℄, Rem. 4.4, holds in this ase ([32℄, Rem. 4.6).
(ii) If Proj(R) = P3, then the the open part of GradAlgH(R) onsisting of Gorenstein quotients
is irreduible (f. [9℄), of known dimension by ([30℄, Remark to Thm. 2.6) and smooth by say (iii)
below. This dimension formula is inluded in [29℄, Thm. 2.3 with a proof (whih also takes are of the
Artinian ase). [29℄, Prop. 3.1 ontains a seond dual dimension formula for the same parameter
spae.
(iii) Let Proj(R) = Pn and let A and A′ be two graded CM quotients algebraially linked by a
CI B of type (a1, ..., am) with resolution (4). By [29℄, Prop. 1.7, then A and A
′
are simultaneously
unobstruted as graded algebras, and we have
dim(A)GradAlg
HA(R)−
m∑
i=1
HA(ai) = dim(A′)GradAlg
HA′ (R)−
m∑
i=1
HA′(ai) .
(iv) Let B = R/IB be a graded, generially Gorenstein CM quotient with anonial module KB
and let A be the Gorenstein algebra given by a regular setion of σ ∈ (K∗B)t for some integer t, i.e.
given by a graded exat sequene 0→ KB(−t)
σ
−→ B → A→ 0.
a) If B is lii, then A is unobstruted as a graded R-algebra (indeed H2(R,A,A) = 0), and,
dim(A)GradAlg
HA(R) = dim(B)GradAlg
HB (R) + dim(K∗B)t − 1− δ(B)−t
where δ(B)v = v homB(IB/I
2
B ,KB)− v ext
1
B(IB/I
2
B ,KB).
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b) If Proj(B) is loally Gorenstein and t >> 0, then A and B are simultaneously unobstruted
as graded algebras, and the dimension formula of a) holds (with δ(B)−t = 0).
This theorem is true in arbitrary dimension of B. It is proved in [31℄, Thm. 16 and is a
substantial generalization of some of the statements of (ii) above beause, when we apply it to a CM
B of odimension two (neessarily lii), we get the dimension formula of (ii) by [31℄, Ex. 26. The
preprint [33℄ ontains further generalizations of this theorem.
By (iii) we see that CI-linkage preserves the smoothness of the parameter spaes. Due to [28℄,
Prop. 3.4 it also preserves the irreduibility of the linked family. To dene the linked family, let
CICM(HB ,HA) onsist of points (B → A) suh that B is CI and A is CM, i.e.
CICM(HB ,HA) := p
−1(CM(HA)) ∩ q
−1(CI(HB))
where p : GradAlg(HB,HA) → GradAlg(HA) (resp. q) is the seond (resp. rst) projetion mor-
phism (e.g. q((B → A)) = (B)). In the ase dimA = dimB (not neessarily equal to one) and
(B → A) ∈ CICM(HB ,HA), the linked algebra is dened by A
′ := B/HomB(A,B). This denition
extends to families and preserves atness [28℄. Indeed by [28℄, Thm. 2.6 there is an isomorphism τ
of shemes and obvious seond projetion morphisms p and p′ tting into
τ : CICM(HB ,HA)
≃
−→ CICM(HB ,HA′)
↓p ↓p
′
GradAlg(HA) GradAlg(HA′)
(9)
where τ is given by sending (B1 → A1) to (B1 → A
′
1 := B1/HomB1(A1, B1)).
Denition 23. Let the Hilbert polynomials pB and pA (orresponding to HB and HA respetively)
have the same degree (≥ −1) and let U be a loally losed subset of im p in (9). Then the HB-linked
family of U is
U ′ := p′(τ(p−1(U))
Theorem 24. In (9) the morphisms p and p′ are smooth and its bers are geometrially onneted,
of ber dimension ǫ(A/B) at (B → A) and ǫ(A′/B) at (B → A′) respetively. In partiular the HB-
linked family U ′ is irreduible (resp. open in GradAlg(HA′)) if and only if U is irreduible (resp.
open in GradAlg(HA)).
Proof. The proof of [29℄, Prop. 1.7 takes are of the smoothness of p and p′ and their ber dimension.
It remains to prove the onnetedness of the bers sine the other onlusions then follow easily.
The onnetedness is, however, a straightforward onsequene of the proof of Theorem 1.16 of [28℄
(that part of the proof doesn't require deg p > 0 and it is easy to reformulate it for the Artinian ase
as well), f. [40℄, Ch. VII for similar results.
Of ourse Theorem 24 implies Remark 22(iii) above. We may use Theorem 24 to see that many
other properties are by preserved by linkage. Indeed subsets of GradAlg(H) for whih the members
allow the same sequene of CI-linkages whih ends in a CI, is irreduible. It does not mean that the
subset of GradAlg(H) of lii quotients is irreduible, as the following example shows.
Example 25. We laim GradAlgH(k[x, y, z, w]) with ∆H = (1, 3, 6, 6, 3, 1) ontains (at least) two
irreduible omponents whose general elements are lii. Of ourse, the general element of one of the
omponents is an arithmetially Gorenstein sheme onsisting of 20 points, with minimal resolution
0→ R(−8)→ R(−5)4 ⊕R(−4)→ R(−4)⊕R(−3)4 → R→ A1 → 0.
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We get A1 by starting with a CI of type (1, 1, 2) and then perform general CI-linkages of type (2, 3, 3)
and (4, 3, 3). It follows that the omponent is generially smooth of dimension 44 by using Re-
mark 22(iii), or Theorem 24, twie.
To get the other omponent, we start with a point Proj(A), i.e. a CI of type (1, 1, 1), and
we proeed by performing six general CI linkages of type (1, 2, 3), (2, 2, 4), (2, 3, 4), (3, 4, 4), (3, 4, 5),
(3, 3, 5), in this order. (The rst ve linkages are the same as for the level algebra 64℄ in the appendix
C of [13℄; hene GradAlg(H) with ∆H = (1, 3, 6, 7, 6, 2) also ontains two lii omponents.) We
get in this way an open subset U of GradAlg(H) of algebras A2 with minimal resolution
0→ R(−8)⊕R(−7)⊕R(−6)→ R(−7)⊕R(−6)⊕R(−5)5 → R(−5)⊕R(−3)4 → R→ A2 → 0.
Sine the Betti numbers do not oinide with the general element A1 of the other omponent, the
losure of U must be a generially smooth omponent of dimension 44 by Theorem 24.
(This example holds orrespondingly for odimension 3 quotients with h-vetor (1, 3, 6, 6, 3, 1) in
a polynomial ring of any dimension).
3 Families of Artinian R-quotients (possibly Gorenstein).
In this setion we look to families of Artinian algebras A of Hilbert funtion H = HA, i.e. we study
the sheme GradAlg(H) in the Artinian ase with a speial look to level and Gorenstein Artinian
quotients. In partiular we give examples of odimension 4 (resp. 3) quotients where GradAlg(H)
has at least two omponents with a Gorenstein (resp. level) algebra belonging to the intersetion
of the two omponents. Moreover we notie that almost all the results of the preeding setion
(f. Remark 22) are known in the Artinian ase, exept Theorem 12, whose orresponding Artinian
result is the main new Theorem of this setion. Of ourse there is a few hanges to Remark 22,
mostly onerned with referenes, and we inlude some further results. To summarize,
Remark 26. (i) Iarrobino shows that GradAlgH(k[x, y]) is irreduible ([22℄, Thm. 2.9) and he nds
the dimension ([22℄, Thm. 2.12 and Thm. 3.13). It is smooth by liiness (or by [22℄, Thm. 2.9
provided GradAlgH(k[x, y]) is redued). Also in this ase, the dimension formula given in [32℄, Rem.
4.4, holds (by the indiated argument of [32℄, Rem. 4.6).
(ii) If R = k[x, y, z], then the open part of GradAlgH(R) onsisting of Gorenstein quotients is
irreduible ([9℄) and smooth of known dimension ([29℄, Thm. 2.3). See also [21℄, Cor 4.9 for the
smoothness.
(iii) of Remark 22 holds as stated in Remark 22.
(iv) of Remark 22 holds as well. One may make a little progress to (iv,b) by stating it as:
b) If Proj(B) is a loally Gorenstein zero-sheme of degree s and if t ≥ 2 reg(IB), then A and
B are simultaneously unobstruted as graded algebras, and the dimension formula of (iv, a) holds
(with δ(B)−t = 0 and dim(K
∗
B)t = s, f. [31℄, Rem. 22). We may even state it with the ideas of
Proposition 19 as done in Theorem 27 below ([31℄, Prop. 23, f. [33℄ for further generalizations).
(v) One may, via the Maaulay orrespondene, onsider the set PS(s, j, n) of Gorenstein quo-
tients obtained from the set of homogeneous polynomials of degree j in the dual polynomial ring,
of the form
f = Lj1 + ...+ L
j
s ,
where Li are linear forms and s is xed. If HA (whih we denote by H(s, j, n)) ontains a subsequene
of the form (s, s, s), then the losure of PS(s, j, n) is a generially smooth irreduible omponent of
GradAlgHA(R) of known dimension ([25℄, Thm. 4.10A and Thm. 1.61, see Thm. 4.13 for similar
results when HA does not ontain suh a subsequene).
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(vi) In the interesting Gorenstein Artinian odimension 4 ase, there is a struture theorem when
HA = (1, 4, 7, h, i, ...) with 3h− i−17 ≥ 0, allowing us to desribe well the orresponding (generially
smooth) irreduible omponent of GradAlgHA(R) ([25℄). In [36℄ Johannes Kleppe omes up with
lasses of generially smooth omponents of known dimension of a similar nature.
(v) Compressed Artinian algebras of xed sole degrees belong to an irreduible generially smooth
omponent of known dimension by [23℄, Thm. IIB.
To aomplish Remark 26(iv,b), let Ut ⊂ GradAlg(H
′) be an open subsheme onsisting of
points (B) suh that B is CM and suh that Proj(B) is a loally Gorenstein zero-sheme of degree
s satisfying HB = H
′
and reg(IB) ≤ t/2. Reall that a regular setion of σ ∈ (K
∗
B)t denes a
graded Gorenstein algebra A given by the exat sequene 0 → KB(−t)
σ
−→ B → A → 0. Let
q : GradAlg(HB,HA)→ GradAlg(HB) be the rst projetion and let q
−1(Ut)reg be the intersetion
of q−1(Ut) by the spae of those quotients (B → A) whih orrespond to regular setions of (K
∗
B)t.
Then we have a diagram where we have restrited the two natural projetion morphisms q and
p : GradAlg(HB,HA)→ GradAlg(HA) to q
−1(Ut)reg:
q−1(Ut)reg
qres
−−→ Ut ⊂ GradAlg(HB)
↓pres
GradAlg(HA)
(10)
Theorem 27. With notations as above, then
(i) qres : q
−1(Ut)reg → Ut is smooth and surjetive, and its bers are geometrially onneted
of ber dimension s− 1, and
(ii) pres is an isomorphism onto an open subsheme of GradAlg(HA).
In partiular the orrespondene (10) determines a well-dened injetive appliation π from the set
of irreduible omponents W of Ut, to the set of irreduible omponents V of GradAlg(HA), in
whih generially smooth omponents orrespond. Indeed V = π(W ) is the losure of pres(q
−1
res(W )),
and we have
dimV = dimW + s− 1 .
Proof (also of Remark 26(iv,b)). These results are almost exatly Thm. 16 (f. Rem. 22) and Thm.
24 (f. Prop. 23) of [31℄ with a slight improvement. Indeed in replaing t >> 0 by t ≥ 2 reg(IB)
we assumed B to be generially syzygeti (e.g. Proj(B) loally lii) in [31℄, Rem. 22 and Prop.
23(iii) (to see that pres is smooth). Sine, however, KB(−t) ≃ IA/B and the R-dual of (4) is a free
resolution of KB(1) (B is CM and one-dimensional), we have (IA/B)v = 0 for v ≥ t+ 1 − reg(IB).
Hene we may use Lemma 9 and Proposition 10(ii) of this paper to see that pres is smooth under the
assumption t ≥ 2 reg(IB) (quite similar to what we showed in [31℄, Rem. 14). In Theorem 27 and
Remark 26(iv,b) it sues therefore to suppose t ≥ 2 reg(IB) without requiring B to be generially
syzygeti. Note also that qres is surjetive by [4℄, Thm. 3.2, (f. [31℄, Rem. 22), and it follows that
the orrespondene (10) has the stated properties.
Now we illustrate Theorem 27. The benet of using Theorem 27 instead of Remark 26(iv,b) is
lear beause it is a statement about the whole subsheme Ut ⊂ GradAlg(H
′) and not only about a
point in Ut. E.g. note that if we apply (iv,b) to the two omponents of GradAlg(H
′) of Example 17,
say with s = 13 and t ≥ 10 to simplify, we get two omponents of PGor(H), or of GradAlg(H), with
H = (1, 4, 7, 10, 13, 13, ..., 13, 10, 7, 4, 1)
of dimension 37 and 39 where the number 13 ours t − 7 times. Suh omponents are now well
known ([3℄, see also [26℄). Sine GradAlg(H) is onneted there are graded Artinian quotients
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belonging to the intersetion of the omponents of GradAlg(H). But are there Gorenstein quotients
in this intersetion? The answer would have been yes if the intersetion of the two omponents of
GradAlg(H ′) of Example 17 ontains points (B) suh that Proj(B) is a loally Gorenstein zero-
sheme beause we then ould apply Theorem 27! We doubt that there exists suh a quotient B, i.e.
we expet that the intersetion of the two mentioned omponents of PGor(H) is empty (f. Piene-
Shlessinger's haraterization of the intersetion of the two omponents desribed in Example 34).
Here is an example where we somehow ontrol the intersetion.
Example 28. (Two omponents of PGor(H) with non-empty intersetion)
In Example 21 we showed the existene of an algebra, whih we now all B whose orresponding
point (B) of the postulation Hilbert sheme, GradAlg(HB), sat in the intersetion of two irreduible
omponents V1 and V2 of GradAlg(HB) of dimension dimVi = 132 + s = 346 for i = 1, 2. The
element (B) as well as the two general elements (Bi) of Vi were obtained by taking s = 214 generi
points on ertain urves of Hilb33x−116(P3), one of whih with minimal resolution
0→ G3 = R(−9)→ G2 = R(−10)
2 ⊕R(−9)⊕R(−8)4 → G1 = R(−9)⊕R(−8)⊕R(−7)
5 → I
Moreover HB = HBi = (1, 4, 10, 20, 35, 56, 84, 115, 148, 181, 214, 214, 214, ...) and the minimal reso-
lution of IB (resp. of IB1 , or IB2) was
0→ R(−13)33 ⊕G3 → R(−12)
66 ⊕G2 → R(−11)
33 ⊕G1 → IB → 0 (11)
(resp. (11) in whih the fator R(−9) from G3 and G2, or from G2 and G1, were removed).
Sine we have reg(IB) = reg(IBi) = 11, we may use Theorem 27 to get, for every t ≥ 22, two
generially smooth irreduible omponents of PGor(HA) of dimension 132 + s + s − 1 = 559 whose
intersetion is non-empty, i.e. the intersetion ontains an obstruted Gorenstein Artinian algebra
whose h-vetor is the (t+ 1)-tuple
HA = (1, 4, 10, 20, 35, 56, 84, 115, 148, 181, 214, 214, ..., 214, 181, 148, ..., 4, 1)
where the number 214 ours t − 19 times. The orresponding sets of graded Betti numbers of the
general elements, A1 and A2, of the two omponents turn out to be inomparable beause the fators
R(−9) (and R(−t+5)) appearing in the resolution of IA beomes redundant in dierent ways in the
resolutions IA1 and IA2 . Of ourse, for every s ≥ 214 we an onstrut similar examples.
Now we prove the analogue of Theorem 12 whih is the main result of this setion.
Theorem 29. Let R be a polynomial k-algebra and let B = R/IB → A = R/IA be a graded
morphism suh that A is Artinian and depth
m
B ≥ min(1,dimB), and suppose either
(a) IB is generated by a regular sequene (allowing R = B), or
(b) Bv → Av is an isomorphism for all v ≤ maxi{n2,i} and dimR− dimB ≥ 2.
Let F be a free B-module suh that F → IA/B is surjetive and minimal, and suppose there is
an integer j suh that the degrees of minimal generators of the B-module ker(F → IA/B) > j
(e.g. Bv ≃ Av for all v ≤ j − 1) and suh that IA is (j + 1)-regular (i.e. Aj+1 = 0). Then
dim(NA)0 = dim(NB)0 + 0 homB(F,A)− ǫ(A/B) , and
dim(A)GradAlg
HA(R) = dim(B)GradAlg
HB (R) + 0homB(F,A)− ǫ(A/B) .
In partiular A is unobstruted as a graded R-algebra if and only if B is unobstruted as a graded
R-algebra.
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At least in the ase depth
m
B ≥ 1, the natural appliation of Theorem 29 is the same as
for Theorem 12; the minimal resolution of A should be the one of B in addition to a semi-linear
ontribution oming from IA/B via the mapping one onstrution, f. Remark 32.
Proof. All we need to prove is the two dimension formulas. Due to Corollary 11 it sues to show
0H
2(R,B, IA/B) = 0 and 0homR(IB , IA/B) = ǫ(A/B) together with
dim 0HomB(IA/B , A) = 0homB(F,A) and 0Ext
1
B(IA/B , A) = 0 , (12)
beause the latter of (12) implies 0H
2(B,A,A) = 0. By Lemma 9 it sues to prove (12). Let
F ′ → F → IA/B → 0 (13)
be the rst terms of a B-free minimal resolution of IA/B. Applying 0HomB(−, A) = 0 onto (13)
and using Aj+1 = 0, we get 0HomB(IA/B , A) ≃ 0HomB(F,A) and 0Ext
1
B(IA/B , A) = 0 by the
assumption, and we are done.
Remark 30. By the long exat sequene of algebra ohomology, we have the exat sequene
→ 0H
2(B,A,A)→ 0H
2(R,A,A)→ 0H
2(R,B,A)→ .
Sine it is well known that H2(R,B,−) = 0 if Theorem 29(a) holds and sine we have 0H
2(B,A,A) =
0 by the proof above, it follows that we in Theorem 29(a) have
0H
2(R,A,A) = 0 .
Remark 31. A natural hoie of j in Theorem 29 suh that (IA/B)j−1 = 0 and suh that (b) holds,
is j ≥ reg(IB)+2, in whih ase we have that IA is (j+1)-regular i IA/B is (j+1)-regular, and that
HA(x) = HB(x) = pB(x) for x ≥ j − 3, f. Remark 15. Sine it then follows that B ≃ A provided
B is Artinian, the (only) real appliation of Theorem 29(b) seems to be in the ase depth
m
B ≥ 1.
It is, however, natural to use Theorem 29(a) also when depth
m
B = 0.
Remark 32. Suppose depth
m
B ≥ 1 and that IA/B is (j + 1)-regular, and look to
0→ IA/B → B → A→ 0 . (14)
Sine H0
m
(IA/B) = 0, we have depthm IA/B ≥ 1, i.e. pdR(IA/B) ≤ n − 1 and in fat pdR(IA/B) =
n − 1 sine pd(A) = n. A mapping one onstrution applied to (14) in whih we use the minimal
resolutions of IA/B and B, leads easily to a R-free resolution of A. Moreover if IA/B admits an
semi-linear resolution, then (IA/B)j−1 = 0, and onversely provided reg(IA/B) = j + 1. Note that
A beomes a level algebra if IA/B admits a linear resolution. In partiular, the natural appliation
of Theorem 29(b) is the same as for Theorem 12, f. Remark 13, i.e. the minimal resolution of A
should be the one of B in addition to a semi-linear ontribution oming from IA/B via the mapping
one onstrution.
Theorem 29 applies niely to Artinian trunations and more generally to Artinian quotients
A with h-vetor HA = (1, h1, h2, ..., hj−1, α, 0, 0, ..) where HB = (1, h1, h2, ..., hj−1, hj , hj+1, ...) is
the Hilbert funtion of B and α ≤ hj . To see it let, in a very similar way to what we did
in Proposition 19, GradAlg(H)n (resp. GradAlg(HB ,HA)n) be the open subset of GradAlg(H)
onsisting of (R/I) (resp. (B = R/I → A)) where the Castelnuovo-Mumford regularity satises
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reg(I) ≤ n. Then we have a diagram as in (8) where we now restrit the natural projetion mor-
phism q : GradAlg(HB ,HA)→ GradAlg(HB) and p to GradAlg(HB ,HA)n ;
GradAlg(HB ,HA)n
q
−→ GradAlg(HB)n ⊂ GradAlg(HB)
↓p
GradAlg(HA)
(15)
Proposition 33. Let HB = (1, h1, h2, ...) be the Hilbert funtion of an algebra B satisfying depthmB ≥
1 and let j, n ≤ j − 2 and α ≤ hj be integers. Let HA = (1, h1, h2, ..., hj−1, α, 0, 0, ..) and look to the
maps p and q in (??). Then
(i) q is smooth and surjetive with geometrially onneted bers, of ber dimension α(hj −α),
and
(ii) p is an isomorphism onto an open subsheme of GradAlg(HA).
In partiular the inidene orrespondene (??) determines a well-dened injetive appliation π
from the set of irreduible omponents W of GradAlg(HB)n, to the set of irreduible omponents V
of GradAlg(HA) whose general elements satify the Weak Lefshetz property. In this appliation the
generially smooth omponents orrespond. Indeed V = π(W ) is the losure of p(q−1(W )), and we
have
dimV = dimW + α(hj − α) .
Proof. (i) To any point (B′) of GradAlg(HB)n, let A
′ := ⊕j−1i=0B
′
i⊕ Vj where Vj is an α-dimensional
quotient of B′j . This shows that q is surjetive. Moreover we get the smoothness of q from Propo-
sition 9(i) sine 0H
2(B,A,A) = 0 by the proof of Theorem 29. To show that the bers of q are
(geometrially) onneted, one may look upon the ber as the Grassmannian of α-dimensional quo-
tients of B′j . Sine the Grassmannian is irreduible, we onlude easily.
(ii) Sine the proof of the Weak Lefshetz property is standard ( depth
m
B ≥ 1), the proof is the
same as for (ii) of Proposition 19.
We will all an Artinian algebra A with Hilbert funtion HA as in Proposition 33 with α = 0 an
Artinian trunation in degree j. Moreover, by Remark 31, we normally need j ≥ reg(IB)+2 for some
B to use Proposition 33 with GradAlg(HB)j−2 non-empty. Having several irreduible omponents
with e.g. a non-empty intersetion in GradAlg(HB)n, we get exatly the same type of irreduible
omponents with e.g. a non-empty intersetion for their Artinian trunations in a xed degree j
(for every j ≥ n+ 2) in GradAlg(HA) (for instane, the B and the omponents given by the Bi of
Example 21, we leave the details to the reader). We nish this setion by another example.
Example 34. (obstruted Artinian level algebra with h-vetor (1, 4, 7, 10, 13, 0, 0, ...)).
We have seen that Y1 = Proj(B1) ⊂ P
3
, a twisted ubi urve and Y2 = Proj(B2), a union
of a plane spae urve C of degree 3 and a point P outside the plane ontaining C, orrespond to
two dierent irreduible omponents of the stratum GradAlg(H) of the Hilbert sheme Hilb3x+1(P3)
where H = (1, 4, 7, 10, 13, ...). Indeed (Y1) belongs to a 12-dimensional irreduible omponent of
GradAlg(H) while (Y2) belongs to a 15-dimensional irreduible omponent of GradAlg(H). Using
Piene-Shlessinger's Theorem from [47℄ to see a omplete desription of Hilb3x+1(P3), we also get
that the general element of the intersetion of the two omponents (whih is 11-dimensional) is a
urve Y = Proj(B) with an embedded point. The minimal resolution of I = IB or IB2 (resp. IB1)
are of the form
0→ R(−4)→ R(−4)⊕R(−3)3 → R(−3)⊕R(−2)3 → I → 0 (16)
(resp. of the form (16) where both R(−4) and two of R(−3) are removed). Hene the regularity of
IB and IBi for i = 1 and 2 is at most 3, i.e. the two omponents and its intersetion essentially
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belong to GradAlg(H)3. Applying Proposition 33 for j ≥ 5 and n = 3 and to any α ≤ 3j+1, we get
two irreduible omponents Vi of GradAlg(HA) with a well desribed non-empty intersetion. Indeed
let X1 = Proj(A1) and X2 = Proj(A2) (resp. X = Proj(A)) be obtained by modding out by hj − α
linearly independent forms of (B1)j and (B2)j (resp. Bj) and all forms of degree j + 1. It follows
that Ai are unobstruted as graded R-algebras for i = 1 and 2 and that dim(A1)GradAlg(H
′) = 12+
α(hj−α) and dim(A2)GradAlg(H
′) = 15+α(hj−α) where H
′ = (1, 4, 7, ...3j−5, 3j−2, α, 0, 0, ...).
Moreover (A) is a singular point of GradAlg(H ′)and belongs to the 11 + α(hj − α)-dimensional
intersetion of the omponents. Finally if α = 0 and j = 5 it is straightforward to see that the free
terms of a minimal resolution of A2 (and A) are
0→ R(−8)13 → R(−7)42 ⊕R(−4)→ R(−6)45 ⊕R(−4)⊕R(−3)3 → R(−5)16 ⊕R(−3)⊕R(−2)3
4 Tangent and obstrution spaes of Artinian families.
In this setion we onsider graded Artinian algebras with a speial look to level quotients of k[x, y, z].
Note that, in most ases, results suh as Theorem 29, Proposition 33 and Remark 26 do not ap-
ply beause its assumptions limit their appliations onsiderably. We an, however, still analyze
GradAlgH(R) at a point (A) innitesimally by means of its tangent and obstrution spaes (and
a ertain obstrution morphism, f. [37℄). In the following we make these spaes more expliit by
duality, and sine we show that the parameter spae of Level shemes, (H), of [8℄ is essentially
an open subsheme of GradAlgH(R), we an use our results to study (H). In partiular we study
in detail the level type 2 algebras whih orrespond to a penil of forms by apolarity ([24℄), and
we prove a onjeture of Iarrobino on the existene of several irreduible omponents of (H) when
H = (1, 3, 6, 10, 14, 10, 6, 2).
Indeed inside GradAlgH(R) there is an open set onsisting of graded Artinian Gorenstein quo-
tients R → A with Hilbert funtion H (whih essentially is the sheme PGor(H), see [31℄). An
elementary way of nding the obstrution spae of PGor(H) is to ompute the kernel of the natural
surjetion
ηj : (S2IA)j → (IA
2)j
from the seond symmetri power to the seond power of IA in the sole degree j of A. Indeed, up to
duality, this kernel is isomorphi to 0H
2(R,A,A), the obstrution spae of PGor(H). To generalize
this result to any Artinian A, we remark that ker ηj is isomorphi to the okernel of the natural
morphism (Λ2IA)j → Tor
R
2 (A,A)j (at least if char(k) 6= 2). This formulation allows a generalization
to any Artinian A. Indeed there is a speial produt, given as an antisymmetrization map ([1℄, Prop.
24.1),
TorR1 (A,A) ⊗A Tor
R
1 (A,KA)→ Tor
R
2 (A,KA) (17)
with okernel H2(R,A,KA). Up to duality we will show that the zero degree piee of this okernel
is the obstrution spae of GradAlgH(R) at (A). To prove it we need a variation of the following
spetral sequene
ExtpA(Hq(R,A,A),M) =⇒ H
p+q(R,A,M)
(f. [1℄, Prop. 16.1). Keeping also the spetral sequene ([20℄, Satz 1.2)
ExtpC(Tor
A
q (M,KC),KC) =⇒ Ext
p+q
A (M,C) (18)
in mind (C a CM quotient of A with anonial module KC), the following result is not surprising
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Proposition 35. If B → A → C are quotients of R of arbitrary dimension and if C is CM with
anonial module KC , then there is a spetral sequene onverging to H
∗(B,A,C) ;
′Ep,q2 := Ext
q
C(Hp(B,A,KC),KC) =⇒ H
p+q(B,A,C) . (19)
In partiular if C is a graded Artinian algebra, then there is a graded preserving isomorphism
HomC(Hq(B,A,KC),KC) ≃ H
q(B,A,C) .
Proof. One knows that HomA(M,C) ≃ HomC(M ⊗AKC ,KC), M an A-module. Using this we an
prove our proposition in the usual way, i.e. by onsidering the double omplex
K∗,∗ = HomC(Diff(B,A∗, A)⊗A KC , I∗)
where 0→ KC → I∗ is an injetive resolution of the C-module KC and Diff(B,A∗, A) := ΩA∗/B⊗A∗
A is the omplex of Kähler dierentials based on a simpliial resolution, A∗, of the B-algebra A
(as in [1℄, Prop. 17.1, so eah An is a polynomial ring over B). If we in
′′Ep,q2 rst take homology
of K∗,∗ with respet to the seond variable (i.e. I∗), we get
′′Ep,02 = H
p(B,A,C) and ′′Ep,q2 = 0
for q > 0 beause ExtqC(KC ,KC) = 0 for q > 0 by Cohen-Maaulayness and the fat that eah
Diff(B,An, A)⊗AC is C-free. Calulating
′Ep,q2 by reversing the order, i.e. by rst taking homology
with respet to the rst variable, we get (19). Finally sine KC is an injetive C-module in the
Artinian ase, we are done.
Theorem 36. Let R→ A = R/IA be a graded Artinian quotient with Hilbert funtion H. Then the
dual of (IA ⊗R KA)0 is the tangent spae of GradAlg
H(R) at (A), and the dual of 0H2(R,A,KA)
ontains the obstrutions of deforming A as a graded R-algebra. Moreover
dim (IA ⊗R KA)0 − 0h2(R,A,KA) ≤ dim(A)GradAlg(H) ≤ dim (IA ⊗R KA)0.
In partiular GradAlgH(R) is smooth at (A) provided the natural map
IA ⊗R IA ⊗R KA → Tor
R
1 (IA,KA)
of (17), i.e. the map ζ onretely desribed in (20) below, is surjetive in degree zero.
Proof. Sine it is known that the tangent (resp. obstrution) spae of GradAlg(HA) at (A) is
0H
1(R,A,A) = 0HomA(IA/I
2
A, A) ≃ 0HomR(IA, A) (resp. 0H
2(R,A,A)) by [27℄, Thm. 1.5, we get
the desription in Theorem 36 of these spaes by Proposition 35. Then the left inequality of the
dimension formula follows rather easily from [37℄, Thm. 4.2.4 while the right inequality is trivial.
Hene we get all onlusions of the theorem one we have shown the surjetivity in (17) and the
surjetivity of ζ in (20) are equivalent. Indeed TorR2 (A,KA) ≃ Tor
R
1 (IA,KA) and Tor
R
1 (A,KA) ≃
IA⊗RKA and the map of (17) is just the natural map ζ : IA⊗R IA⊗RKA → Tor
R
1 (IA,KA) uniquely
desribed in the following way. Let 0 → N → F → KA → 0 be a short exat sequene where F is
A-free. Applying IA ⊗R (−) onto this sequene we get an injetion Tor
R
1 (IA,KA) →֒ IA ⊗N whih
together with the surjetion F ։ KA lead to the omposition
IA ⊗R IA ⊗R F ։ IA ⊗R IA ⊗R KA
ζ
−→ TorR1 (IA,KA) →֒ IA ⊗R N (20)
given by x⊗ y ⊗ ω → x⊗ (yω)− y ⊗ (xω) ∈ IA ⊗R N (f. [2℄, Prop. 9, p. 204 for details).
20
Remark 37. Let M be an graded A-module and let 0 → N → F → M → 0 be a graded exat
sequene where F is A-free. Arguing as in the proof above, we see that vH2(R,A,M) is the homology
in degree v of (21) below. Hene it vanishes if and only if the sequene
IA ⊗R IA ⊗R F
λ
−→ IA ⊗R N → IA ⊗R F , (21)
where λ(x⊗ y ⊗ ω) = x⊗ (yω)− y ⊗ (xω), is exat in degree v ([2℄, Prop. 9, p. 204).
Remark 38. Let A = R/IA be a graded Artinian algebra and let M be a nitely generated R-module.
Using (18) we get
HomA(Tor
R
q (M,KA),KA) ≃ Ext
q
R(M,A) .
Thus (IA ⊗RKA)v (resp. vTor
R
1 (IA,KA)) is dual to −vHomR(IA, A) (resp. −vExt
1
R(IA, A)) and the
dual of the degree v part of (17) augmented by vH2(R,A,KA) yields an exat sequene
−vH
2(R,A,A) →֒ −vExt
1
R(IA, A)→ −vHomR(IA ⊗R IA, A)
where the left injetive map must be the right inlusion of (3) in degree −v.
In the odimension 3 ase it turns out that −vExt
1
R(IA, A) is also dual to v−3HomR(IA, A):
Proposition 39. Let R → A = R/IA, R = k[x, y, z] be a graded Artinian quotient with Hilbert
funtion H and minimal resolution
0→ ⊕r3i=1R(−n3,i)→ ⊕
r2
i=1R(−n2,i)→ ⊕
r1
i=1R(−n1,i)→ R→ A→ 0 . (22)
Then vExt
i
R(IA, A) ≃ vTor
R
1−i(IA,KA(3)) for 0 ≤ i ≤ 1 and NA := HomR(IA, A) satises
dim(NA)v − vext
1
R(IA, A) =
3∑
j=1
rj∑
i=1
(−1)j−1H(nj,i + v)−H(−v − 3) .
In partiular vExt
1
R(IA, A) is dual to (NA)−v−3 for every v. Moreover if (NA)−3 = 0, then 0H
2(R,A,A) =
0 and GradAlg(H) is smooth at (A) of dimension
∑3
j=1
∑rj
i=1(−1)
j−1H(nj,i).
Proof. Dualizing (22) we get an R-free resolution of KA(3). Moreover we essentially get the omplex
0→ ⊕r1i=1A(n1,i)→ ⊕
r2
i=1A(n2,i)→ ⊕
r1
i=1A(n3,i)→ 0
by either tensoring the resolution of KA(3) by A, or by applying 0HomR(−, A) onto the mini-
mal resolution of IA dedued from (22). In partiular vExt
i
R(IA, A) ≃ vTor
R
2−i(A,KA(3)) ≃
vTor
R
1−i(IA,KA(3)) for 0 ≤ i ≤ 1 and vExt
2
R(IA, A) ≃ KA(3)v whose dimensions satisfy the doubly
summation formula. We onlude by Remark 38 and Theorem 36.
Corollary 40. With A as in Proposition 39 we have the equality to the right
ρ(H) :=
3∑
j=1
rj∑
i=1
(−1)j−1H(nj,i) = 1−
3∑
j=1
rj∑
i=1
(−1)j−1H(nj,i − 3) .
Moreover the sums above, whih we all ρ(H), depends only upon the Hilbert funtion H and not
upon the graded Betti numbers. We have
dim(A)GradAlg
H(k[x, y, z]) ≥ ρ(H) .
In partiular ρ(H) is a lower bound for the dimension of any irreduible omponent of GradAlgH(k[x, y, z]).
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Proof. The duality of the proposition shows that dim(NA)v − vext
1
R(IA, A) = −v−3ext
1
R(IA, A) −
dim(NA)−v−3. Putting v = 0 we get the equality of the two expressions of ρ(H) of the orollary
from Proposition 39. Moreover, by [37℄, Thm. 4.2.4, the number dim(NA)0 − dim 0H
2(R,A,A) is a
lower bound of dim(A)GradAlg
H(k[x, y, z]). Using Remark 38 we get ρ(H) to be a possibly smaller
lower bound. Finally the sum whih denes ρ(H) depends only upon the Hilbert funtion beause
the ontribution from all ghost terms sums to zero!
Example 41. To illustrate Proposition 39, we onsider H = (1, 3, 6, 6, 3, 1) and the two dierent
irreduible omponents (now of GradAlgH(k[x, y, z])) of Example 25 whose general elements are lii.
Looking to the minimal resolutions of Ai of Example 25, we get
dim(NAi)0 − 0ext
1
R(IAi , Ai) = 4H(3) − 4H(5) = 20 .
By Remark 38, 0Ext
1
R(IA1 , A1) = 0 sine 0Tor
R
1 (IA1 ,KA1) ≃ (IA1 ⊗ IA1)5 = 0. (Indeed this 0Ext
1
-group always vanishes in the ompressed Gorenstein ase.) Thus the Gorenstein omponent has
dimension 20 (also well known by [23℄), while Remark 26(iii) or Theorem 24 applied to the suessive
linkages (1, 2, 3), (2, 2, 4), (2, 3, 4), (3, 4, 4), (3, 4, 5), (3, 3, 5) obtained from a CI of type (1, 1, 1),
shows that the other omponent is generially smooth of dimension 21. Thus 0ext
1
R(IA2 , A2) = 1.
Reall that if A itself admits a semi-linear R-free resolution (exept possibly at the minimal
generators of IA), then
0H
2(R,A,A) = 0 (23)
by Remark 30 and Remark 32. This vanishing also follows from Theorem 36. Moreover using
Theorem 36, we an prove a dual result. Indeed suppose IA admits a semi-linear resolution exept
possibly at the left end of the resolution, i.e. suppose IA has minimal generator only in degree j and
j + 1 and that the resolution ontinues by
0→ G⊕R(−j − n+ 1)αn → R(−j − n+ 1)βn−1 ⊕R(−j − n+ 2)αn−1 → ...→ F1 → IA (24)
where G is any R-free module. Here F1 = R(−j − 1)
β1 ⊕ R(−j)α1 , R is the polynomial ring
k[x1, ..., xn] and n ≥ 3. Then (23) holds. Using (18) we an even replae F1 by
F1 = R(−j − 1)
β1 ⊕R(−j)α1 ⊕ (⊕mi=1R(−ai)) , ai < j for all i (25)
where the set of generators {f1, ..., fm} whih orrespond to {a1, ..., am} form a regular sequene,
and still get (23), i.e.
Proposition 42. Let A = R/IA be a graded Artinian quotient with Hilbert funtion H, whose
minimal resolution is given by (24) and (25) where the generators {f1, ..., fm} of IA whih orrespond
to {a1, ..., am} form a regular sequene. Let B = R/(f1, ..., fm) (and B = R if m = 0). Then
0H
2(R,A,A) = 0 and GradAlg(H) is smooth at (A). Moreover
dim(A)GradAlg(H) = −nhomR(G,B)−−nhomR(G,A) +
m∑
i=1
H(ai).
Proof. By the long exat sequene of algebra ohomology (Remark 30) and (3) we get 0H
2(R,A,A) =
0 provided we an show Ext1B(IA/B , A) = 0. Continuing the long exat sequene of Remark 30 to
the left we see that Ext1B(IA/B , A) = 0 also leads to
dim(NA)0 =homB(IA/B , A) + homB(IB/I
2
B , A) . (26)
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To show Ext1B(IA/B , A) = 0, we improve a little bit upon Theorem 36 by using (18). Indeed we have
HomA(Tor
B
q (IA/B ,KA),KA) ≃ Ext
q
B(IA/B , A). Hene it sues to show 0Tor
R
1 (IA/B ,KA) = 0.
Now look to the exat sequene
→ R(j + n− 1)βn−1 ⊕R(j + n− 2)αn−1 → G∗ ⊕R(j + n− 1)αn → KA(n)→ 0
whih we tensorize with IA/B(−n). By the denition of Tor
R
1 (IA/B ,KA), it sues to show (IA/B(−n)(j+
n − 1))0 = 0 and (IA/B(−n)(j + n − 2))0 = 0. This is true sine (IA/B)j−1 = 0 by assumption.
Moreover the argument also shows (IA/B ⊗KA)0 ≃ dim(G
∗(−n)⊗ IA/B)0. Hene we get
0homB(IA/B , A) = dimTor
B
0 (IA/B ,KA) = −nhomR(G,B) − −nhomR(G,A) ,
and we onlude by (26) and the fat that IB/(IB)
2 ≃ ⊕mi=1B(−ai).
Proposition 42 with B = R applies niely to ompressed Artinian algebras. Indeed the number
−nhomR(G,B)−−nhomR(G,A) oinides with the dimension of the orresponding omponent given
in Thm. IIB of [23℄. If B 6= R Proposition 42 also applies to non-ompressed algebras:
Example 43. As a speial ase of Proposition 42 we look to Artinian level quotients with almost
semi-linear resolution. All level algebras below may be onstruted as A = R/ann(F1, F2) where F1
and F2 are forms of the degree 7 in the dual polynomial algebra of R (f. later disussion). Indeed
we easily onstrut in this way algebras Ai with Hilbert funtions HA1 = (1, 3, 6, 10, 15, 12, 6, 2),
HA2 = (1, 3, 6, 10, 14, 12, 6, 2), HA3 = (1, 3, 6, 10, 13, 12, 6, 2) and orresponding minimal resolutions
0→ R(−10)2 → R(−7)5 ⊕R(−6)5 → R(−5)9 → IA1 → 0
0→ R(−10)2 → R(−7)6 ⊕R(−6)4 → R(−6)2 ⊕R(−5)6 ⊕R(−4)→ IA2 → 0
0→ R(−10)2 → R(−7)7 ⊕R(−6)3 → R(−6)4 ⊕R(−5)3 ⊕R(−4)2 → IA3 → 0 .
Only A1 is ompressed, but sine one may show that the minimal generators of IAi of degree 4 (whih
we use to dene Bi) form a regular sequene, Proposition 42 applies (we have used Maaulay 2 to
hek it and to nd the minimal resolutions). Hene the algebras Ai are unobstruted and sine
−nhomR(G,M) = 2 · dimM7 and dim(Bi)7 = (i − 1) dimR3 for i = 2 and 3 (and B1 = R), we get
the number
dim(Ai)GradAlg(HAi) = 2 · dim(Bi)7 − 2 · dimHAi(7) + (i− 1)HAi(4)
to be 68, 62, 54 for i = 1, 2, 3 respetively.
To this end we onsider level algebras of CM-type t. Let LevAlg(H) be the open set of
GradAlg(H) (and hene open as a subsheme with its indued sheme struture) onsisting of
graded level quotients with Hilbert funtion H. Sine we work with Artinian algebras there is an-
other known sheme, (H), parametrizing graded level quotients with suitable Hilbert funtion H,
namely the determinantal loi in the Grassmannian G(t, j) of t-dimensional vetor spaes of forms
of degree j, ut out by requiring their ataletiant matries to have ranks given by the Hilbert
funtion (see [8℄, and [25℄, Set. 1.1 for the Gorenstein ase). Then the underlying sets of losed
points of (H) and LevAlg(H) are the same by apolarity (the Maaulay orrespondene), and their
tangent spaes are isomorphi ([8℄, Thm. 2.1 for (H), and [27℄, Thm. 1.5 for GradAlg(H)). Sine
one may by the proof below see that LevAlg(H) and (H) are in fat isomorphi as topologial spaes
(expeted sine they have the Zariski topologies and the bijetion between them is natural), we have
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Theorem 44. Let R → A be a graded Artinian level quotient with Hilbert funtion H. Then
dim(A)GradAlg
H(R) = dim(A) (H). Hene (H) is smooth at (A) if and only if GradAlg
H(R) is
smooth at (A). In partiular (H) is smooth at (A) provided 0H
2(R,A,A) = 0, i.e. provided the
map of (17) is surjetive in degree zero, or equivalently, the displayed sequene of Remark 37 with
M = KA is exat in degree zero.
Proof. Let V ⊂ (H) be a losed irreduible subset, and let V have the redued sheme struture.
By the denition of (H), the restrition of the universal bundle of the Grassmannian G(t, j) to V
denes via apolarity a family of graded Artinian level quotients, AV , over V with onstant Hilbert
funtion H. Sine V is integral, it follows that the family (i.e. the morphism Spec(AV ) → V ) is
at ([44℄, Let. 6). Hene we have a morphism π : V → LevAlg(H) by the universal property
of GradAlg(H). π(V ) is irreduible and losed in LevAlg(H) (it is losed beause an inverse
(LevAlg(H))red → (H) on losed points exists, by [25℄, p. 249). So hains of losed irreduible
subsets in (H) and LevAlg(H) orrespond, and the spaes have the same dimension. Sine their
tangent spaes are isomorphi, it follows that GradAlgH(R) is smooth at (A) i (H) is smooth at
(A). Then we onlude by Theorem 36 sine the surjetivity of (17) in degree zero is equivalent to
the exatness of the orresponding sequene in Remark 37.
As an appliation we onsider ertain type 2 level algebras studied by Iarrobino in [24℄, i.e. level
algebras given by A = R/ann(F1, F2) where F1 and F2 are forms of the same degree j in the dual
polynomial algebra of R, upon whih R ats by dierentiation. Let Ai := R/ann(Fi). Sine we have
IA = IA1 ∩ IA2 , we get an exat sequene
0→ A→ A1 ⊕A2 → R/(ann(F1) + ann(F2))→ 0.
In an extended draft of [24℄ the author determines the tangent spae of LevAlg(H) at suh an (A)
and he gives it a manageable form in the ase {F1, F2} is omplementary, i.e. provided
HA(i) = min{dimRi,HA1(i) +HA2(i)} for any i . (27)
where HA = H. Our Theorem 36 gives us, not only a tangent spae whih oinides with his, but
it provides us also with the following manageable form of the obstrution spae.
Proposition 45. Let {F1, F2} be omplementary forms of degree j, and let A = R/IA be the
Artinian level quotient with Hilbert funtion H given by IA = ann(F1, F2). Let IAi = ann(Fi).
Then (IA/IA · IA1)j ⊕ (IA/IA · IA2)j is the dual of the tangent spae of GradAlg
H(R) at (A), and
jH2(R,A,A1)⊕jH2(R,A,A2) is the dual of a spae ontaining all obstrutions of deforming A as a
graded R-algebra. In partiular if the sequenes
IA ⊗R IA
λ
−→ IA ⊗R IAi ։ IA · IAi
where λ(x ⊗ y) = x ⊗ y − y ⊗ x, are exat in degree j for i = 1, 2, then GradAlg(H) (and (H)) is
smooth at (A) and we have
dim(A)GradAlg
H(R) =
2∑
i=1
dim(IA/IA · IAi)j
Remark 46. The map IA⊗RIA
λ′
−→ IA⊗RIA, dened by λ
′(x⊗y) = x⊗y−y⊗x, obviously ommutes
with λ above. Sine λ′ fators via the natural surjetion IA ⊗R IA ։ Λ
2IA (in char(k) 6= 2), then λ
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also does. In char(k) 6= 2 the exatness of the two sequenes of Proposition 45 is therefore equivalent
to the exatness of
Λ2IA → IA ⊗R IAi ։ IA · IAi , (28)
i = 1, 2, in degree j. Indeed, by Remark 37, jH2(R,A,Ai) is the homology of (28) in degree j. In
partiular if (IA ⊗R IA)j ≃ (S2IA)j (e.g. (IA ⊗R IA)j ≃ (IA
2)j), then the exatness of the sequenes
of Proposition 45 is equivalent to (IA ⊗R IAi)j ≃ (IA · IAi)j .
Proof. Let s(IA) be the minimal degree of a minimal generator of IA and let A = R/(ann(F1) +
ann(F2)) . Sine {F1, F2} is omplementary, we get (A)v = 0, i.e. Av ≃ (A1)v⊕ (A2)v for v ≥ s(IA).
It follows that
(KA1)v ⊕ (KA2)v ≃ (KA)v
for v ≤ −s(IA). Dening K by the long exat sequene
0→ K → KA1 ⊕KA2 → KA → 0 , (29)
we get (K)v = 0 for v ≤ −s(IA). By onsidering a minimal R-free resolution of IA, it follows that
0Tor
R
i (IA,K) = 0 for i ≤ 0 . (30)
Now applying IA ⊗ (−) onto (29), or more preisely using the orresponding long exat sequene of
algebra homology, we get
0Hi(R,A,KA1 ⊕KA2) ≃ 0Hi(R,A,KA)
for i = 1 and 2 beause 0Tor
R
1 (IA,K) ≃ 0Tor
R
2 (A,K) ։ 0H2(R,A,K) is surjetive (f. (17)) and
IA⊗RK ≃ H1(R,A,K), i.e. 0Hi(R,A,K) vanishes for i = 1 and 2 by (30). Then we onlude easily
by Ai ≃ KAi(−j), Theorem 36 and Remark 37. Indeed we have
(IA ⊗R KAi)0 ≃ (IA ⊗R Ai(j))0 ≃ (IA ⊗R R/IAi)j ≃ (IA/IA · IAi)j
and we get (IA ⊗R KA)0 ≃ (IA ⊗R KA1)0 ⊕ (IA ⊗R KA2)0 as well as
0H2(R,A,KA) ≃ jH2(R,A,A1)⊕jH2(R,A,A2) .
By the assumption of the exatness of the sequenes and by Remark 37 (letting F = R and N = IAi),
we get the vanishing of 0H2(R,A,KA) and we are done.
Remark 47. As Iarrobino points out in the draft of [24℄, Theorem 4.8A of [23℄ implies that if F1 is
any form of degree j and F2 is a sum of length s of linear forms to the j-th power (i.e. the Hilbert
funtion of A2 = R/ann(F2) equals H(s, j, n) of Remark 26(v)), then {F1, F2} is omplementary
provided we hoose the linear forms of F2 general enough. It follows that HA is given by (27).
Firstly we give an easy example whih may also be treated by Proposition 42.
Example 48. (a) Let H = (1, 3, 6, 10, 6, 2). By Remark 47 there are forms F1 and F2 where eah
Fi is a sum of length 5 of linear forms to the 5-th power (i.e. HAi = (1, 3, 5, 5, 3, 1)) and suh that
the Hilbert funtion of A = R/ann(F1, F2) is H. Then A is ompressed. From the Hilbert funtions
we see that s(IA) = 4 while s(IAi) = 2. Moreover, the sole degree of A and Ai are 5, and we get
(IA ⊗ IAi)5 = 0 for i = 1 and 2. By Proposition 45 it follows that GradAlg(H) is unobstruted at
(A) and we have
dim(A)GradAlg(H) = 2 · dim(IA)5 = 38 .
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(b) Let H = (1, 3, 6, 9, 6, 2), let F1 be as in (a), while we now let F2 be a sum of length 4 of general
linear forms to the 5-th power. Hene HA2 = (1, 3, 4, 4, 3, 1) and H = HA where A = R/ann(F1, F2)
by Remark 47. From the Hilbert funtions we see that s(IA) = 3 and s(IAi) = 2. Sine we easily see
that IA⊗ IAi ≃ IA · IAi is an isomorphism in degree 5 for i = 1 and 2, we get by Proposition 45 that
GradAlg(H) is unobstruted at (A) and that
dim(A)GradAlg(H) = 2 · dim(IA)5 − dim(IA · IA1)5 − dim(IA · IA2)5 = 35 .
Loosely speaking it is, for i = 1, 2, the relations of IA ·IAi in degree j, modulo those oming from
the relations of IA ⊗ IAi and the generators of ∧
2IA, whih ontribute to 0H
2(R,A,A). Of ourse
the vanishing of 0H
2(R,A,A) as well as the dimension of GradAlgH(R) is usually straightforward
to get from Proposition 45 provided s(IA) + s(IAi) ≥ j for i = 1, 2, as in Example 48.
We nish this paper by proving a onjeture of Iarrobino, appearing in the draft of [24℄, namely
that (H) with H = (1, 3, 6, 10, 14, 10, 6, 2) ontains at least two irreduible omponents, where one
of the omponents ontains Artinian level type 2 algebras given by 2 forms of Hilbert funtion
H1 = (1, 3, 6, 9, 9, 6, 3, 1) and H2 = (1, 3, 4, 5, 5, 4, 3, 1), as in Remark 47, and the other ontains level
type 2 algebras onstruted via 2 forms with Hilbert funtion H3 = (1, 3, 6, 10, 10, 6, 3, 1) and H4 =
(1, 3, 4, 4, 4, 4, 3, 1). As pointed out in the Introdution, even though this onjeture was open until
now, Iarrobino and Boij have in a joint work already onstruted other examples of reduible (H)
whose general elements are level quotients of type 2, one with H = (1, 3, 6, 10, 14, 18, 20, 20, 12, 6, 2),
and moreover got a doubly innite series of suh omponents [5℄.
Example 49. Let H = (1, 3, 6, 10, 14, 10, 6, 2). We laim that there are at least two omponents
V1 and V2 of (H) whose general elements are Artinian level type 2 algebras, that dimV1 = 46 and
dimV2 = 47 and that both omponents are generially smooth.
To get the omponent V1 of dimension 46, take F1 to be a sum of length 4 of general linear
forms to the 7-th power and take F2 to be a general polynomial of degree 7. If Ai = R/ann(Fi) and
A = R/ann(F1, F2), then HA2 = (1, 3, 6, 10, 10, 6, 3, 1), HA1 = (1, 3, 4, 4, 4, 4, 3, 1) and HA = H.
It sues to show that A is unobstruted and that dim(A)GradAlg(H) = 46. To do so we use
Proposition 45. Indeed from the Hilbert funtions we see that s(IA) = s(IA2) = 4 and s(IA1) = 2.
Hene (IA ⊗ IA2)7 = 0. Moreover sine IA has one generator of degree 4 and 8 generators of degree
5 and A1 is a omplete intersetion of type (2, 2, 6), it follows that all relations of IA · IA1 must be
of degree greater or equal to 8. We get that (IA ⊗ IA1)7 ≃ (IA · IA1)7 is an isomorphism of vetor
spaes of dimension 2 · (3 + 8) = 22. Hene Proposition 45 applies and we get the unobstrutedness
of A and
dim(A)GradAlg(H) = 2 · dim(IA)7 − dim(IA · IA1)7 = 46 .
To get the other omponent, let now F1 be a sum of length 9 of general linear forms to the 7-th
power (i.e. HA1 = (1, 3, 6, 9, 9, 6, 3, 1)), let F2 be, say F2 = x
6y+xy6+z7 and let A = R/ann(F1, F2).
Then the the Hilbert funtion of A is H by Remark 47. We laim that A is lii! Indeed it is easily
heked by Maaulay 2 that A above admits the following CI-linkages to a CI of type (1, 1, 3). We
start with a general CI of type (4, 5, 7) whose generators are ontained in IA and follow up by general
CI-linkages of type (4, 5, 6), (4, 4, 6), (4, 4, 5), (3, 3, 5), (3, 3, 4), (2, 2, 4) and (2, 2, 3), in this order.
Then A is unobstruted and dim(A)GradAlg(H) = 47 by Remark 26(iii) or Theorem 24 and we are
done (of ourse, one using Maaulay 2 it is easier to see that the tangent spae is 47-dimensional by
omputing 0ext
1(IA, IA). The unobstrutedness of A is, however, not at all easy to see by Maaulay
2 omputations beause 0Ext
1
R(IA, A) ≃ 0Ext
2(IA, IA) is 1-dimensional and so is 0H
2(R,A,A) by
Proposition 45 and Remark 46. Hene we really need to use that the unobstrutedness property is
preserved under CI-linkages, whih is true by Theorem 24).
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Remark 50. (a) We have tried to look for other examples of several level type 2 omponents of
smaller sole degree, but have not yet fully sueeded. A promising andidate is H = (1, 3, 6, 9, 9, 6, 2)
where we get a level type 2 algebra A by starting with a CI of type (2, 2, 3) and linking in one step
via a CI of type (4, 4, 3). By Remark 26(iii) we have 0homR(IA, A) = 33. Moreover we have an
A′ = R/ann(G1, G2) with 0homR(IA′ , A
′) = 35 (heked by Maaulay 2) by taking G1 (resp. G2) to
be a sum of length 3 (resp. 6) of general linear forms to the 6-th power. It follows that A belongs to a
33-dimensional generially smooth omponent while, due to the size of the tangent spaes, there are
only two possibilities for A′. It is either obstruted, or it is unobstruted in whih ase it belongs to
an irreduible omponent dierent from the lii omponent. We have not yet been able to deide
whih of the possibilities that our.
(b) One may onstrut other examples of several level type 2 omponents of larger sole type by
taking the two omponents of Example 49 and performing a biliaison, starting with general CI's of
type (5, 5, b) ontaining the general elements of the omponents and follow up by general CI-linkages
of type (b, b, b), b ≥ 7. Using Theorem 24, we get two irreduible omponents of GradAlg(H ′)
whose general elements are level type 2 quotients of sole degree 3b − 8 (H ′ may be omputed from
H = (1, 3, 6, 10, 14, 10, 6, 2)).
Remark 51. So if we want to ompare the parameter spae of type 2 odimension 3 level algebras
to the orresponding spae of Gorenstein algebras, we see many dierenes. In the level type 2 ase,
(i) the parameter spae may be reduible (Example 49 and Remark 50(b)),
(ii) 0H
2(R,A,A) may be non-vanishing (e.g. Example 49, there are many more).
In the Gorenstein ase (i) and (ii) are false. We have, however, not yet been able to nd two
irreduible type 2 odimension 3 level omponents with a type 2 level algebra in the intersetion,
nor have we been able to nd an obstruted type 2 odimension 3 level algebra.
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